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Exponential distributions in a mechanical model for earthquakes
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We study statistical distributions in a mechanical model for an earthquake fault introduced by Burridge and
Knopoff [R. Burridge and L. Knopoff, Bull. Seismol. Soc. Afs7, 341(1967]. Our investigations on the size
(momenj, time duration, and number of blocks involved in an event show that exponential distributions are
found in a given range of the parameter space. This occurs when the two kinds of springs present in the model
have the same, or approximately the same, value for the elastic constants. Exponential distributions were also
seen recently in an experimental system to model earthquakelike dynamics and in faults of the earth’s crust.
[S1063-651%96)00612-3

PACS numbgs): 05.40:+j, 64.60.Ht, 91.30.Bi

[. INTRODUCTION involving events with many sizes and time scales. In the
latter case, they found exponential statistical distributions in
Systems that present stick-slip dynamics and scaling inamplitude, duration, and separation time between events.
variance have attracted considerable attention recghi#. With respect to theoretical and numerical studies, one of
This was triggered, in part, by a seminal paper of Bak, Tangthe systems used to model the dynamics of earthquakes has
and Wiesenfeld, which showed that a class of systems préseen the model introduced by Burridge and Knod8fK) in
senting avalanches or earthquakelike dynamics can naturalty967, and investigated extensively in recent publications
attain a critical state characterized by power-law distribu{6,7]. Although most of the studies on the Burridge-Knopoff
tions [1]. They denoted this phenomenon self-organizednodel have been concentrated on the parameter region where
criticality. a partial power lawpartial here means of limited sizef the
Recently, two experimental studies in a continuous elasticlistributions of event sizes is found, this regime in fact has
system have been performed to model the stick-slip dynamot been seen yet in experimental studies of a homogeneous
ics observed in earthquakelike phenomena. In one of thersystem. The three first regimda), (b), and (c) found by
[3], a glass rod is pulled on top of a latex membrane. In thisRubio and Galeano have been observed in numerical studies
system the slipping events appear as detachment waves andfathe BK model. No reports so far exist of exponential dis-
wide distribution of event sizes was observed. However, rotributions in the BK model.
bust scaling behavior was not seen. In this paper we show that exponential distributions are
In the other system, studied by Rubio and Galefaijpthe  also seen in the BK model. This kind of distribution is ob-
elastic medium consists of a transparent gel sheared betwesarved when the two kinds of springs in the model have the
two coaxial circular cylinders. The inner cylinder is rotated same, or approximately the same, value for the elastic con-
at very low angular speed. Thus this system closely restants. They are present in quantities such as the time dura-
sembles the physics of a spring-block moffe] with peri-  tion, number of blocks displaced, and total displacement
odic boundary conditions. Due to the friction between the gelmomenj of the blocks involved in an event. The BK model,
and the cylinders, stick-slip behavior is seen in the form ofwith all the springs having the same elastic constant, models
detachment waves. Rubio and Galeano were able to identifg system in which the coupling between neighboring blocks
four regimes in this system, by varying the gel’s rigidity, the has the same magnitude as the coupling between the blocks
rotor angular speed, and the friction properties of the gehlnd the plate to which they are attached. Therefore, this is a
with the inner cylinder. The regimes identified wefa: uni-  model for a system that is homogeneous. It does, in fact,
form slipping of the gel with respect to the rotdh) relax-  reproduce the results found in controlled experimental stud-
ation events, in which a big event starts to quickly propagatées[4] of a homogeneous system that presents stick-skip dy-
through the whole cell in an almost periodic wag) nearly  namics.
periodic regimes of a solitonlike character, afafl regimes With respect to the earth’s crust, exponential distributions
were observed at least in two studies. Coefial.[8] found
that the statistics of the lengths, scarp heights, and spacing of
“Present address: Department of EECS, Cory Hall, University ohormal faults on the flanks of a given midocean ridges
California, Berkeley, CA 94720. Electronic address: East Pacific Rise, between 19°S and 21dNey exponential
mariav@eecs.berkeley.edu distributions. The same kind of distribution was observed by
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FIG. 1. System studied, which consists of a chairNoblocks
connected by linear springs of const&pt The blocks are on a flat
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ing velocity V and (ii) the characteristic velocity/;. Two
more can be defined in terms of the spring constants, the
mass and Fo (i) Vo=Fo/ymk, and (iv)
Vi=(Fqo/kp) Vks/m. Here, Vo, and V, correspond to the
maximum velocities of a single block held by a spring of
constantk, andk., respectively, when it has been displaced
by the characteristic distand&,/k, in the absence of fric-
tion. The fifth velocity is the sound velocity;=ak./m,
which depends on the equilibrium spaciagof the blocks

surface and each block is connected to a bar through a spring &fnd does not appear explicitly in E(f). Depending on the

constantk,. The bar is pulled with constant velocily. Between

relative sizes of these velocities, we would expect a different

the surface and the blocks there is a velocity weakening frictiomyehavior for the system.

forceF.

Brooks and Allmending€el9] in the study of the fault spatial
distribution in El Teniente Mine, in Central Chile. Conse-
qguently, not only fractal distributionge.g., the Gutenberg-

Richter law have been seen in studies of the earth’s crust.

Thus, as in the BK model, different distributions of fault

Following Ref.[6], we introduce different dimensionless
variables

Kp
(==

U=g % r=(m/k,) "4,

@

properties on the earth can be found, depending on the fe£° that Eq(1) can be written in dimensionless form

tures of the considered region.

The paper is organized as follows: in Sec. Il we describe

Uj=v2(U} 112U+ U; )= U+ vr—®(U;/vp), (3)

the model; in the third section we study the statistical distri-
butions and the different regimes that appear when the springhere

constants are varied; the last section is dedicated to the co
clusions.

II. BURRIDGE-KNOPOFF MODEL

The homogeneous version of the Burridge and Knopofiyqy v=

n-
U1+U;/vy), if U;>0

(U 1v)= if U<0
) ] .

— 0

VK¢ /K, v=VIVy, andvi=V;/V,. Dots here rep-

model is shown in Fig. 1. It consists of a one dimensionalosent derivatives with respect to the scaled timeThe

array of N blocks, each of massy, coupled by springs of
constank, to one another, and by a spring of constianto
a rigid pulling bar that moves at constant velodityln equi-

sound velocity becomesvs=a’'yk./kp=a'v, where
a’'=ak,/k.. Without losing generality we can take the di-
mensionless length’=1. Thus the sound velocitys be-

librium, when all the springs are unstretched, adjacent bIOCkﬁomes identical to/, . The five velocitiesV,V;,V,,V,, and
. il H H Sy

are separated by a distareeThe blocks rest upon a station-

ary surface, which provides a frictional force that impedes °

the motion of the blocks. In the version considered in Ref
[6] the friction is a decreasing function of the velocity, the
same for all blocks. The equation of motion for tfith mass
when it is moving is

where X; denotes the displacement of the block measur
with respect to the position where the sum of the elasti
forces on it is zero. The last term in E@L) represents the
nonlinear and velocity dependent frictional force, which is
given by

Fol/(1+X;/Vy), if X;>0

PGV if X;<0
’ ] y

— 0

whereV; is the characteristic velocity for the friction. Here,

have been transformed, respectively, into
v,vi, v, vs=v, and yg=1. Consequently, the model has

three relevant parameters,v;, and v,=vg, which com-

pletely determine the behavior of the system. In the case of
an open boundary condition, which is the one we consider
here, we havé),=U,; andU\,,=Uy.

For fixedv, andv (large v, and smallv), a transition was
reported in Ref[7] when two velocities cross, namely, when
vi=vo=1. Forv;=o one finds that the motion of the sys-

eaem is continuous. No block ever stops. Asdecreases, one

ees small regions of stationary blocks. Whenbecomes
ess than 1 these stationaevent-free regions begin to per-
colate across the entire system. The motion of the fault in
this smallv; region now occurs in abrupt large events.
Here we report another transition, which occurs when the

velocity v, is varied for fixed values ob and v;. We find
that for v, less than a given value the event sizes and event
durations obey exponential distributions. Another value is
observed fow,, above which the distributions present partial
power laws, namely, events that have a size smaller than a

we do not allow backward motions and the friction force getscritical value have power-law distributions, and events that

arbitrarily high to avoid it. This is just for computational

are larger than this value obey different statistics. In the in-

convenience, and this does not change the main results preermediate regime fop, , the distributions are neither power

sented here.
As shown in Ref[7], this model has five independent
velocity scales. Two appear explicitly in EQ.): (i) the pull-

laws nor exponentials. Ag, gets close to zero, the exponen-
tial distributions disappear, since in that limit the blocks are
disconnected, and only one-block events are observed. Evi-
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FIG. 2. Projections of the block velocitied; onto thej—7 . _'4 '3 '2 'l (') i 12 X
plane for a 200 block system witk=0.01, »;=1/6, and (a) I
»=1, (b) »,=3, and(c) v,= 10. logyom, logy 67
dence of a different behavior when is varied was found in FIG. 3. Statistical distributiop(m) of the moment of the events
Ref. [10]. However, no statistical distributions were calcu- (solid lines and the distributiop(87) of the time durations of the
lated in that paper. events(dashed linesfor (a) v,=1, (b) v,=3, and(c) »,=10. In all

In the numerical simulations of this letter we have gener<casesN=300, »=0.01, andv;=1/6.
ally started the system with the blocks at rest and with the
sum of the elastic forces in each block equal to zero. Othehere will be observed for other values of and v, and the
initial conditions were considered and the results did notalue of »; where the transition occurs probably varies with
change. We have also considered periodic boundary condihe characteristic and pulling velocities.
tions, and the results were the sarfexcept for the few
events involving the boundaries of the chaiBefore we . NUMERICAL RESULTS
start to compile statistics we let the system evolve until it ) ) )
reaches a statistical stationary state. Here we fix the pulling T illustrate the different behaviors of the system when
velocity and the characteristic velocity to the following val- ¥ IS varied, we show in Fig. 2 projections of the block ve-
ues: »=0.01 andv;=1/6. It is beyond the scope of this locities U; onto thej— 7 plane. A black dot in the figure
paper to do a detailed study on the effects of variations in theneans that th¢ block is moving at timer and a white one,
pulling velocity and in the characteristic speed. Studies orthat it is at rest. We show three different cases with
event distributions for varying; andv with fixed v, can be  »,=1,3,10. It is clear that a transition occurs ag is
found in[6]. We expect that the kind of transition we report changed. For small;, we see clusters of moving blocks,
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which involve only a small number of masses. Asis in- v;=1 as a dashed line. Again, we have found that the char-
creased, one finds clusters involving a small number ofcteristic time duratiodr, decreases ag gets smaller. For
blocks, as well as clusters involving a large number ofy;=4 one sees partial power-law distributions, as shown in
masses. These large ruptures appgashaped and travel Fig. 3(c) for v,=10 as a dashed line. For intermediate values
with the sound speed, . of v (2= v,=<4) the distributions are neither exponential nor

Now we investigate the distributions of moment and timepower-law ones, as we show in Figlb} for »,=3 (dashed
duration for different values of, . The moment of an earth- line).
quake is a measure of its size, and in dimensionless units it is We have also studied the statistical distributigifa) of
defined asn=2x,;6U;, wheredU; is the displacement of the an event involvingn blocks. Again, the same kind of behav-
jth block and the sum is over the blocks displaced during théor described above is seen, namely, exponential distribu-
event. The distributiorp(m) is the number of events with tions for v,<2, partial power laws fow;=4, and a regime
magnitudem divided by the number of blockd in the chain  without any scaling features for intermediate valuesaf
and by the total time of dynamical evolution. Fgr<2 we
find that p(m) is governed by an exponential function,
namely,p(m)~exp(m/m,), wherem, is a characteristic mo-
ment. The result op(m) with »;=1 is shown in Fig. &) as We have found exponential distributions for the sizes and
a solid line. We have also found that the characteristic motime durations of the events in the Burridge-Knopoff model
ment decreases ag becomes smaller, since whep=0 the  for earthquakes when the two kinds of springs have the same
blocks become disconnected and only events involving onéor approximately the samelastic constants. In this situa-
block are observed. For intermediate values of tion the velocity », and the sound velocity are equ@r
(2=v;=4) ones sees a regime fp(m) which is neither approximately equalto one. For intermediate values of,
power-law nor exponential behavior. This is shown in Fig.the distributions are neither exponential nor power law. For
3(b) where the solid line represengg{m) for »,=3. For large v,, partial power laws(namely, a scaling region of
large v; (v;=4) one sees the appearance of a partial powerlimited size are observed. Since in the experimental system
law distribution. This was the parameter region investigatedgtudied by Rubio and Galeafd] the elastic gel is homoge-
by Carlson and Langé¢6]. Beyond the power-law cutoff one neous, this implies that the exponential distributions they
sees a bump in the distributions, which increases in height @®und are consistent with our results for the case in which the
v, becomes larger. We have found that the events that do neprings of the BK model have identical elastic constants. The
belong to the scaling region become more and more frequerstudy here helps to understand why different fault distribu-
as v, is increased. Thus, in the limit of very large the tions can be found in different locations of the earth’s crust.
power law tends to disappear. In FigcBthe solid line rep-
resentso(m) for »,=10.

For the distributions of time duration® of the events we
find qualitatively the same kind of behavior as found for the | would like to thank the Brazilian agency CNPq for fi-
distributions of moments. For,<2 we get an exponential nancial support, and Professor L. Lucena and Professor L. R.
function, p(87) ~exp(67 57y). This is shown in Fig. @) for  Silva of the Universidade Federal do Rio Grande do Norte.

IV. CONCLUSIONS
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